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a b s t r a c t

Heat recovery from hot fluids in material processing industries is important for environmental and ther-
mal management. Present work involves numerical visualization of heat flow in entrapped cavities filled
with hot materials. The concept of heatline is used to visualize the heat energy trajectory. The system
involves entrapped triangular cavities filled with hot fluid (Pr = 0.015, 0.026, 0.7 and 1000). At low Ray-
leigh number (Ra), it is found that the heatlines are smooth and perfectly normal to the isotherms indi-
cating the dominance of conduction for both the triangles. As Ra increases, flow slowly becomes
convection dominant. Multiple heat flow circulations with high intensity are formed within the lower tri-
angular domain especially for low Pr numbers, whereas, less intense convective heat flow circulations are
observed for the upper triangle. Multiple circulations are absent for both the triangular domains involv-
ing fluids with higher Pr numbers. It is observed that the heat transfer rates are monotonic for the upper
triangle whereas a few local maxima in heat transfer rates occur for smaller Pr within lower triangular
domain. Overall, fluid with any Pr may be useful for enhanced heat transfer within the upper triangle
but fluid with high Pr may be preferred for the lower triangle.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Researchers have been interested in the study of indirect
heating or cooling processes because of its many industrial and
day-to-day applications [1–4]. Indirect heat transfer of fluids have
applications in material processing industries, geophysical pro-
cesses, pollution control, etc. [5–14]. A few applications involving
food processing industries and molten metal processing require
comprehensive knowledge of the heat transfer processes involved
[15,16]. Such applications may be analyzed in two ways: experi-
mental and numerical. Since experimental analysis is associated
with high cost, numerical method of analyzing is generally
preferred.

Over the recent past, the importance of heat exchangers has in-
creased because of energy conservation, conversion, recovery, and
implementation of new energy sources. Various material process-
ing and environmental treatments such as combustion, thermal
pollution, air pollution, water pollution and waste disposal signify
the importance of heat exchangers [17–22]. Heat exchangers are
also used extensively in air conditioning and refrigeration, cryo-
ll rights reserved.
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genic, heat recovery, alternate fuels and manufacturing industries,
etc.

Large amount of heat may be generated for systems involving
combustion, hot material processing, food processing, etc. Exces-
sive heat may be detrimental to the systems or hot materials
(e.g. food processing) and a part of the heat may be recovered by
other contacting fluids. The present study analyzes the heat recov-
ery from hot fluids passing parallel to the hot plates and heat may
be transported to the entrapped fluid between a stack of tubes. The
cold fluid is pumped through the square tubes such that inclined
walls of the entrapped triangular cavity are maintained at a con-
stant cold temperature. A case study may be visualized as an
assembly of square tubes adjacent to each other and a pair of trian-
gular cavities is filled with fluid (Fig. 1a). The proposed system for
the present study is a coupled triangular cavity system with cold
inclined walls and hot horizontal walls. The computational domain
with respective boundary conditions is shown in Fig. 1b. The aspect
ratio is maintained at 2:1 for both the triangles. The heat transfer
analysis with flow circulations within such triangular cavities re-
quires an in-depth knowledge of fluid flow and temperature distri-
bution in triangular cavities.

Researchers have shown significant amount of interest in the
field of indirect heat recovery through cavities or channels
[23–27]. However, for heat transfer within triangular cavities,
there have been only a few studies carried out earlier. Salmun
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Nomenclature

g acceleration due to gravity (m s�2)
k thermal conductivity (W m�1 K�1)
L height of the triangular cavity (m)
N total number of nodes
Nu Nusselt number
p pressure (Pa)
P dimensionless pressure
Pr Prandtl number
R residual of weak form
Ra Rayleigh number
T temperature (K)
Th temperature of hot inclined wall (K)
Tc temperature of cold top wall (K)
u x component of velocity
U x component of dimensionless velocity
v y component of velocity
V y component of dimensionless velocity
X dimensionless distance along x-coordinate
x distance along x-coordinate
Y dimensionless distance along y-coordinate
y distance along y-coordinate

Greek symbols
a thermal diffusivity (m2 s�1)
b volume expansion coefficient (K�1)
c penalty parameter
C boundary
h dimensionless temperature
m kinematic viscosity (m2 s�1)
q density (kg m�3)
U basis functions
w streamfunction
P heatfunction

Subscripts
i residual number
k node number
l left wall
r right wall
h horizontal wall
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[28] analyzed the convection patterns in a triangular domain.
Karyakin et al. [29] studied the transient natural convection in tri-
angular enclosures. The analysis of laminar natural convection in a
triangular enclosure was carried out by Del Campo et al. [30]. Wu
et al. [31] carried out a numerical study of natural convection in
crystallization processes. However, many of the recent works are
targeted more towards the application aspect of the process.
Ridouane et al. [32] and Ridouane and Campo [33] studied exten-
sively the natural convection in an isosceles triangle and right tri-
angular cavity in their work. Ben-Nakhi and Mahmoud [34] studied
the natural convection in roof cavities inside buildings. Varol et al.
[35,36] carried out extensive studies on natural convection in tri-
angular enclosures in their work. Other recent investigations on
natural convection in triangular enclosure have been reported by
various researchers [37–41].

Even though there has been a considerable amount of work on
heat transfer within triangular cavities reported in the literature,
the present work focuses on the distribution of heat flow associ-
ated with natural convection within entrapped triangular cavities.
The heat flow distributions are analyzed with the heatlines meth-
od. The concept of heatlines was first introduced by Kimura and
Bejan [42] and Bejan [43]. Heatlines represent the heat energy flow
trajectory in the system. The mathematical formulation of heatline
method uses the heatfunction. Various studies have been reported
on heatfunction by Bello-Ochende [44], Costa [45–48], Mukhopad-
hyay et al. [49], Dalal and Das [50] and Deng and Tang [51].
Although a number of studies on heatlines have been carried out
earlier [42–51], the analysis of heat flow via heatlines within trian-
gular cavities is yet to be reported in the literature.

The aim of the current work is as follows: to analyze the heat
transfer in two entrapped triangular domains (Fig. 1b), to visualize
the heat flow in the domains and finally to recommend efficient
heat transfer to the entrapped cold fluid. The governing equations
for heat and fluid flow are solved using the Galerkin finite element
method with penalty parameter. The Poisson equations for stream-
function and heatfunction are also solved using the Galerkin meth-
od. The jump discontinuity in Dirichlet type of wall boundary
conditions for temperature at corner points corresponds to compu-
tational singularities. The problem is tackled by considering the
average temperature of the two walls at the corner and keeping
the adjacent grid nodes at the respective wall temperatures in a
similar to earlier work [52,53]. The key parameters for the analysis
are considered as the Prandtl number, Rayleigh number and Nus-
selt number. Wide range of Prandtl numbers are assumed from
0.015 to 1000 and this wide range of Prandtl number ensures that
almost all types of fluids of industrial importance is covered in the
present study. Small Prandtl numbers (Pr = 0.015) correspond to
that of molten metals, Pr = 0.7 is for air and similar fluids, Pr = 10
is usually for salt water and high Pr values (Pr = 1000) are associ-
ated with olive oil and machine oils. Finally, heat recovery for var-
ious fluids has been assessed via computing heat transfer rates or
Nusselt numbers.

2. Governing equations and solution procedure

2.1. Temperature and velocity

The fluid properties are assumed to be constant except the den-
sity variation which is determined according to the Boussinesq
approximation. This approximation is used in the field of buoyancy
driven flows and it is based on the fact that variation of density
with the temperature can be neglected, except in the body force
term. The dimension in Z-direction has been assumed to be suffi-
ciently large such that two-dimensional approximation of temper-
ature and flow fields are adequate. Under these assumptions, the
governing equations for steady two dimensional, laminar, incom-
pressible flows can be written in dimensionless form as:
oU
oX
þ oV

oY
¼ 0; ð1Þ

U
oU
oX
þ V

oU
oY
¼ � oP

oX
þ Pr

o2U

oX2 þ
o2U

oY2

 !
; ð2Þ

U
oV
oX
þ V

oV
oY
¼ � oP

oY
þ Pr

o2V

oX2 þ
o2V

oY2

 !
þ RaPr h; ð3Þ

U
oh
oX
þ V

oh
oY
¼ o2h

oX2 þ
o2h

oY2 ; ð4Þ



Fig. 1. (a) Schematic diagram of the physical system and (b) computational domain with the boundary conditions.
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where

X ¼ x
L
; Y ¼ y

L
; U ¼ uL

a
; V ¼ vL

a
; h ¼ T � Tc

Th � Tc
;

P ¼ pL2

qa2 ; Pr ¼ m
a
; Ra ¼ gbðTh � TcÞL3Pr

m2 :

ð5Þ
Here, X and Y are the dimensionless distances along x- and y-coor-
dinates, respectively, U and V are the corresponding velocity com-
ponents along the coordinates, h denotes the dimensionless
temperature and P denotes the dimensionless pressure. The dimen-
sionless parameters Pr and Ra denote Prandtl number and Rayleigh
number, respectively.

The cold fluid is pumped through the square tubes. The flow
rate may be sufficiently high such that cold fluid may act as a sink
and the inclined wall is maintained at a constant cold temperature,
i.e. Dirichlet boundary conditions. The horizontal top and bottom
walls are maintained hot (constant Dirichlet temperature) as
shown in Fig. 1a. The constant temperature at the hot wall is due
to the flow of hot gases over the top wall and below the bottom
wall. Based on the physical situation, the boundary conditions for
velocity components and temperature within the entrapped lower
triangular cavity are as follows (Fig. 1b):

UðX;0Þ ¼ VðX;0Þ ¼ 0 on AC;
UðX;YÞ ¼ VðX;YÞ ¼ 0 on AB;
UðX;YÞ ¼ VðX;YÞ ¼ 0 on BC;

ð6Þ

and
hðX;0Þ ¼ 1 on AC;
hðX;YÞ ¼ 0 on AB;
hðX;YÞ ¼ 0 on BC:

ð7Þ

The boundary conditions for velocity components and temper-
ature within the upper triangle is as follows (Fig. 1b):

UðX;2Þ ¼ VðX;2Þ ¼ 0 on DE;
UðX;YÞ ¼ VðX;YÞ ¼ 0 on BE;
UðX;YÞ ¼ VðX;YÞ ¼ 0 on BD;

ð8Þ

and

hðX;2Þ ¼ 1 on DE;
hðX;YÞ ¼ 0 on BE;
hðX;YÞ ¼ 0 on BD:

ð9Þ

The continuity equation (Eq. (1)) is used as a constraint due to
mass conservation and this constraint can be used to obtain the
pressure distribution. The momentum and energy balance equa-
tions (Eqs. (2)–(4)) are solved using Galerkin finite element meth-
od. In order to solve Eqs. (2) and (3), penalty finite element method
has been employed to eliminate the pressure P with a penalty
parameter c and the incompressibility criteria, given by Eq. (1)
via following relationship [54]:

P ¼ �c
oU
oX
þ oV

oY

� �
: ð10Þ

For large values of c, the above equation satisfies the continuity
equation (Eq. (1)). Typically c ¼ 107 yields consistent solutions.
Applying Eq. (10), the momentum balance equations (Eqs. (2) and
(3)) are reduced to



3618 T. Basak et al. / International Journal of Heat and Mass Transfer 53 (2010) 3615–3628
U
oU
oX
þ V

oU
oY
¼ c

o

oX
oU
oX
þ oV

oY

� �
þ Pr

o2U

oX2 þ
o2U

oY2

 !
ð11Þ

and

U
oV
oX
þ V

oV
oY
¼ c

o

oY
oU
oX
þ oV

oY

� �
þ Pr

o2V

oX2 þ
o2V

oY2

 !
þ RaPr h: ð12Þ

Expanding velocity components ðU;VÞ and temperature (h)
using basis set Ukf gN

k¼1 as,

U�
XN

k¼1

UkUkðX;YÞ; V �
XN

k¼1

Vk UkðX;YÞ; and h�
XN

k¼1

hkUkðX;YÞ;

ð13Þ

Galerkin finite element method yields the following non-linear
residual equation for Eqs. (11), (12) and (4), respectively, at nodes
of internal domain X½MABC or MBDE�.
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and
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Z
X
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Bi-quadratic basis functions with three point Gaussian quadrature
is used to evaluate the integrals in residual equations except the
second term in Eqs. (14) and (15). The second term containing the
penalty parameter (c) is evaluated with two point Gaussian
quadrature (reduced integration penalty formulation [54]). The
non-linear residual equations (Eqs. (14)–(16)) are solved using
Newton–Raphson method to determine the coefficients of the
expansions in Eq. (13).

2.2. Streamfunction and heatfunction

The fluid motion is displayed using the streamfunction (w) ob-
tained from velocity components U and V for both the triangles.
The relationships between streamfunction, w and velocity compo-
nents for two-dimensional flows are

U ¼ ow
oY

and V ¼ � ow
oX

; ð17Þ

which yield a single equation
o2w

oX2 þ
o2w

oY2 ¼
oU
oY
� oV

oX
: ð18Þ

The sign convention is as follows: positive sign of w denotes anti-
clockwise circulation and clockwise circulation is represented by
negative sign of w. The no-slip condition is valid at all boundaries
as there is no cross flow, hence w ¼ 0 is used for boundaries.

Expanding the streamfunction (w) using the basis set Ukf gN as
w ¼

PN
k¼1wkUkðX;YÞ and the relationship for U and V from Eq.

(13), Galerkin finite element method yields the following linear
residual equation for Eq. (18):
Rs
i ¼

XN

k¼1

wk

Z
X

oUi

oX
oUk

oX
þ oUi

oY
oUk

oY

� �
dX dY �

Z
C
Uin � prwdC

þ
XN

k¼1

Uk

Z
X

Ui
oUk

oY
dX dY �

XN

k¼1

Vk

Z
X

Ui
oUk

oX
dX dY : ð19Þ

The heat flow within the enclosure is displayed using the heat-
function (P) obtained from conductive heat fluxes � oh

oX ;� oh
oY

� �
as

well as convective heat fluxes ðUh;VhÞ. The heatfunction satisfies
the steady energy balance equation (Eq. (4)) such that

oP
oY
¼ Uh� oh

oX
;

� oP
oX
¼ Vh� oh

oY
;

ð20Þ

which yield a single equation

o2P

oX2 þ
o2P

oY2 ¼
o

oY
ðUhÞ � o

oX
ðVhÞ: ð21Þ

The basis of sign convention for heatfunction is based on the
concept that heat flows from hot to cold surface and positive
heatfunction corresponds to anti-clockwise heat flow. Expanding
the heatfunction (P) using the basis set Ukf gN as P ¼PN

k¼1PkUkðX;YÞ and the relationship for U, V and h from Eq. (13),
the Galerkin finite element method yields the following linear
residual equation for Eq. (21):
Rh
i ¼

XN

k¼1

Pk

Z
X

oUi

oX
oUk

oX
þ oUi

oY
oUk

oY

� �
dX dY

�
Z

C
Uin � prPdCþ

XN

k¼1

Uk

Z
X

XN

k¼1

hkUk

 !
Ui

oUk

oY
dX dY

þ
XN

k¼1

hk

Z
X

XN

k¼1

UkUk

 !
Ui

oUk

oY
dX dY

�
XN

k¼1

Vk

Z
X

XN
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Z
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 !
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dX dY: ð22Þ

The residual equation (Eq. (22)) is further supplemented with
various Dirichlet and Neumann boundary conditions in order to
obtain a unique solution of Eq. (21). Neumann boundary conditions
for P are obtained due to isothermal (hot or cold) wall as derived
from Eq. (20). It may be noted that, the normal derivatives
ðn � prPÞ are zero ðn � prP ¼ 0Þ for all the isothermal walls of
MABC and MBDE.

In order to obtain the unique non-homogeneous solution of P,
the following non-homogeneous Dirichlet boundary conditions
have been derived based on Eq. (20).
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(a) Entrapped lower triangle ðMABCÞ
Fig. 4.
shown
P ¼
ffiffiffi
2
p

Nul at X ¼ 0; Y ¼ 0; ð23Þ
P ¼ 0 at X ¼ 1; Y ¼ 1; ð24Þ
and
P ¼ �
ffiffiffi
2
p

Nur at X ¼ 2; Y ¼ 0: ð25Þ
(b) Entrapped upper triangle ðMBDEÞ
P ¼ �
ffiffiffi
2
p

Nul at X ¼ 0; Y ¼ 2; ð26Þ
P ¼ 0 at X ¼ 1; Y ¼ 1; ð27Þ
and
P ¼
ffiffiffi
2
p

Nur at X ¼ 2; Y ¼ 2: ð28Þ
The heat transfer coefficient in terms of local Nusselt number
(Nu) is defined by

Nu ¼ � oh
on
: ð29Þ

Here n denotes the outward normal direction of the plane. The local
Nusselt numbers at horizontal wall ðNuhÞ, left wall ðNulÞ and right
wall ðNurÞ are defined as follows:

(a) Entrapped lower triangle ðMABCÞ
Nuh ¼
X9

i¼1

hi
oUi

oY
; ð30Þ
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� �
; ð31Þ
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(b) Entrapped upper triangle ðMBDEÞ
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The average Nusselt numbers at the horizontal and side walls
are

Nuh ¼
R 2

0 Nuh dXR 2
0 dX

¼ 1
2

Z 2

0
Nuh dX ð36Þ

and

Nul ¼ Nur ¼
1ffiffiffi
2
p

Z ffiffi
2
p

0
Nul dS: ð37Þ

Here dS denotes the elemental length along inclined sides of the tri-
angular cavity.
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heating with Pr = 0.015 and Ra = 102. Clockwise and anti-clockwise flows are
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3. Results and discussion

3.1. Numerical tests

The computational domain in n–g coordinates (see Appendix A)
consists of 20 � 20 bi-quadratic elements which correspond to
41 � 41 grid points. It may be noted that, the computational grid
in the triangular domain is generated via mapping the lower/upper
triangular domain into square domain in n–g coordinate system as
shown in Figs. 2 and 3 and the procedure is outlined in Appendix A.
The bi-quadratic elements with lesser number of nodes smoothly
capture the non-linear variations of the field variables which are
in contrast with finite difference/finite volume solutions available
in the literature. Present simulation studies on isotherms and
streamlines on each individual triangular cavity have been com-
pared with earlier simulation results for a specific triangular do-
main [41] and the results are in good agreement.

In the current investigation, Gaussian quadrature based finite
element method provides the smooth solutions at the interior do-
main including the corner regions as evaluation of residuals de-
pends on the interior Gauss points and thus the effect of corner
nodes are less profound in the final solution. In general, the Nusselt
numbers for finite difference/finite volume based methods are cal-
culated at any surface using some interpolation functions which
are avoided in the current work. The present finite element method
based approach offers special advantages on evaluation of local
Nusselt numbers at the left, right and top walls as the element ba-
sis functions have been used to evaluate the heat flux.

In the present study, Prandtl number is varied from 0.015 to
1000 covering wide range of applications. Also, influence of natural
a
0.90.8 0.70.6 0.50.4

0.3
0.2

0.10.05

   TEMPERATURE, θ
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0.2 0.3

0.
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c
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.3 −0
.8

−0
.6
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−0.
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1 1

0.8
0.6

0.2

Fig. 5. (a) Temperature (h), (b) streamfunction (w) and (c) heatfunction (P) contours for u
shown via negative and positive signs of streamfunctions and heatfunctions, respectivel
convection in each triangular cavity has been studied via varying
Rayleigh number within 102–105. Variation of Nusselt number
with distance for various Rayleigh numbers as well as variation
for average Nusselt number vs. Rayleigh number has been shown
to illustrate heat transfer rates within each triangular cavity. De-
tailed explanations are given in succeeding sections.

3.2. Isotherms, streamlines and heatlines

Figs. 4–8 display the streamlines, isotherms and heatlines for
various values of Pr ð0:015 6 Pr 6 1000Þ and Ra ð102

6 Ra 6 105Þ
within the global system consisting of two triangular cavities at-
tached with each other and each cavity involves cold inclined walls
and horizontal hot walls. Based on the physical system, some of the
common observations are given as follows. Due to the difference in
the temperature of fluid near the horizontal wall, hot fluid moves
towards the cold wall, forming two oppositely circulating flows
in the system with the eye of the vortices located at the center of
each half of the triangular cavity. The thermal transport within tri-
angular cavities is analyzed via heat flow with heatlines. It may be
noted that the two corners on horizontal plane have infinite heat
flux as the cold wall is directly in contact with the hot inclined
walls.

For Ra = 102 and Pr = 0.015 (Fig. 4), there is a striking similarity
between the heating patterns in both the triangles. It is interesting
to observe that the isotherms, streamlines and heatlines within
cavities are mirror images of each other and the isotherms are
smooth, monotonic curves symmetric to the central axis. The
smooth symmetric isotherms and streamlines thus illustrate the
insignificant role of gravity towards the flow and heat transfer in
b
−0.010.05 0.1

−0.2

0.2

0.50.3

−0.5

−0.4

0.05 −0.05
0.01

     STREAMFUNCTION, ψ

−0.01

−0.050.0
5

0.01

1.8 −1.8

0.05 −0.2

0.4 −0.4

1

−0
.8

0.8 −0.8

−0.005

0.1
0.2

0.4 0.6
0.8 1 1.3

1.7

005

−0
.0

2 0.04

05

NCTION, Π

−1
.7−1
.3−1−1

−0.8−0.6−0
.2−0

.0
4

0.
04

niform heating with Pr = 0.015 and Ra = 104. Clockwise and anti-clockwise flows are
y.



3622 T. Basak et al. / International Journal of Heat and Mass Transfer 53 (2010) 3615–3628
cavities, which further denote that the heat transfer is primarily
due to conduction. The heatlines are smooth and it is observed that
the lines are perfectly perpendicular to the isotherm lines and the
walls. This further indicates that the heat flow is conduction dom-
inant. An important point to note is that the heatlines with greater
strength are clustered around the intersection point between hor-
izontal and inclined walls and as we move along the inclined wall,
the strength of heatline goes to as low as 0.04 at the common ver-
tex of each triangle. This means that major amount of heat flux or
transport occurs near the junction of the hot and cold walls. Thus,
relatively less heat flow occurs near the cold–cold junction.

As Rayleigh number increases to 104 (Fig. 5a–c), interesting fea-
tures of flow and thermal characteristics have been observed. The
isotherms for the upper triangle are smooth and monotonic, but
the isotherms are dense near the hot wall. On the other hand,
the isotherms are quite dispersed near the bottom corner of the
upper triangle. In contrast, for the lower triangle, the isotherms
are distorted. The distortion of isotherms near the cold wall as well
as at the central regime gradually becomes prominent implying a
dominant convection effect. The streamlines in the upper triangle
are smooth and monotonic and the magnitude of maximum value
of streamfunction ðjwjmaxÞ is found to be 0.5 which signifies that the
flow is not intense (Fig. 5b). On the other hand, symmetric primary
circulation cells are also observed for the lower triangular cavity
and in addition, two secondary cells also appear near the bottom
corners. It is observed that jwjmax for the lower triangle is around
1.8 which signifies a larger intensity of convection. The secondary
cells are observed due to retarded flow near the bottom corners
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and this especially occurs for fluids with small Prandtl number
(Fig. 5b).

Finally, the heatlines illustrate that convection dominant effect
plays a critical role on larger heat flow from horizontal walls to the
top portion of inclined walls especially for the lower triangle
(Fig. 5c). Heatlines also show that there is a clear difference in
the heat flow trajectory for both the triangles. This difference is lar-
gely attributed to the boundary conditions and convection within
the system. For the lower triangle, it is observed that the heatlines
are less dense near the bottom corner points due to conduction
dominant heat transfer. Two symmetric cells of heatlines are ob-
served near the core of the lower triangular cavity and these cells
denote convective heat transfer due to circulation of fluid as seen
from streamlines at the core. The convective energy transfer facil-
itates thermal mixing leading to less thermal gradient at the core
as the dense heatlines are also observed near the core. The heat-
lines are also seen to be connected between the top wall to the in-
clined wall for the upper triangle. Deformation of heatlines near
the core is observed, showing the presence of convection in the
system. However, the thermal mixing near the core is not intense
due to lower heat flow for the upper triangle as seen in Fig. 5c. It
may be noted that the magnitudes of heatfunction at the core is
1 for the lower triangle whereas it is around 0.005 for the upper tri-
angle. Overall, larger heat may be recovered within the lower cav-
ity for fluids with smaller Pr at Ra = 104.

As Rayleigh number increases to 105 for Pr = 0.015 (Fig. 6a–c),
stronger and multiple circulation cells in flow and heat transfer
are observed for the lower triangle. It is seen that the isotherms
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are highly deformed in the lower triangle (Fig. 6a). In addition, iso-
therms exhibit oscillations and compressions near the bottom wall
and also at the intermediate locations of side walls. These oscilla-
tions are due to multiple circulation cells in the cavity. On the
other hand, the isotherms are similar to the previous cases but
are suppressed towards the horizontal wall for the upper triangle.
It may be noted that the magnitude of streamfunctions are larger
for Ra = 105 signifying the larger intensity of circulations. Multiple
flow circulations greatly influence the heatline patterns and heat
energy distributions as seen in Fig. 6b and c. Similar to the previous
cases, the lower triangle clearly shows higher magnitude for heat
transfer due to convective circulations compared to upper triangu-
lar cavity as seen from the heatfunction magnitudes. Different con-
vective circulation cells are observed for heatlines near the core
and this illustrates a larger magnitude of convective heat transfer
which is also seen from heatline contours for the lower triangle.
In contrast, a single convection cell of jPjmax ¼ 0:1 is observed for
the upper triangle. The top portion of the inclined wall receives
most of the heat from the hot wall. But, the presence of convective
cells does not contribute to higher heat transfer compared to the
lower triangle which has jPjmax ¼ 1:6. Overall, the lower triangular
enclosure has higher heat recovery capacity for Ra = 105 for fluids
with low Pr.

Next, the effect of a change in the Prandtl numbers for higher
Rayleigh number (Ra = 105) is analyzed. Firstly, Pr is increased to
0.026 (Figure not shown). It was observed that variation of Prandtl
number from 0.015 to 0.026 does not enhance the heat transfer in
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the upper triangle significantly as the heatlines and streamlines
show nearly the same patterns. Influence of Pr is further investi-
gated for Pr = 0.7 (Fig. 7a–c). It is observed that multiple circula-
tions have been totally suppressed for the lower triangle and
there are only single circulation cells each symmetric to the central
axis. But, the circulations are highly intense and maximum value of
stream function ðjwjmaxÞ is 12 for Pr = 0.7 whereas jwjmax was 6 for
Pr = 0.026. It may be observed that the isotherms are compressed
near the horizontal wall and inclined walls whereas the tempera-
ture at the core varies within 0.4–0.6 for the lower triangle. The
heatlines are dense near the core and are symmetric in the lower
triangle. The strong convective heat transport with jPjmax ¼ 7 is
seen near the core and identical circulation cells occur for stream-
lines and heatlines (Fig. 7b and c). On the other hand, jPjmax ¼ 1:6
was observed in the lower triangle for Pr = 0.026. Therefore, en-
hanced thermal mixing occurs near the core in the lower triangle.
In contrast, the stratification of isotherms is observed in the upper
triangle. It may be noted that jwjmax ¼ 1:6 in the upper triangle
whereas jwjmax was around 1.5 at Pr = 0.026. It may be noted that,
the flow circulation in the upper triangle is only slightly influenced
by Pr. It is observed that, the eyes of the vortices tend to be shifted
near the top horizontal wall and thus isotherms are compressed
near the top wall in the upper triangle. However, the compression
of isotherms is greater in the lower triangle. Similar to the lower
triangle, the heatline patterns show a pair of convection cells at
the core in the upper triangle. However, the intensity of the con-
vection is found to be smaller in the upper triangle. It may be noted
b
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that at jPjmax ¼ 0:05 at the core for the upper triangle and h at the
core varies within 0.1–0.5. As in the previous cases, the intensity of
circulation as well as heat transfer is lower in the upper triangle.

Finally, Fig. 8a–c illustrates the profiles for large Prandtl number
(Pr = 1000) with Ra = 105. The isotherms near the core show a well
dispersed pattern with h = 0.5–0.6 for the lower triangle (Fig. 8a)
whereas isotherms near the core was found to vary within 0.4–
0.6 for Pr = 0.7 (Fig. 7a). Overall, the core is slightly hotter for
Pr = 1000 as seen in Fig. 8a. The isotherms in the upper triangle de-
pict a similar pattern as seen for the previous case (Fig. 7a), i.e. the
isotherms are stratified with almost no dispersion near the inter-
section of the cold inclined walls for the upper triangle. Even
though isotherms show more uniform thermal mixing near the
core for the lower triangle, it is interesting to observe that the
streamline patterns for both the cases (Pr = 0.7, 1000) are almost
identical, i.e. jwjmax ¼ 12 for both the cases (Figs. 7b and 8b). Heat-
lines also exhibit similar trends for Pr = 0.7 and Pr = 1000. It may be
noted that, jPjmax ¼ 7 for Pr = 0.7 and Pr =1000 for the lower trian-
gle. The dense heatlines from the middle portion of inclined walls
as well as along the central symmetric lines are observed for the
lower triangle. This signifies intense thermal mixing. Further, a
large region near the core is associated with convective heat trans-
fer as seen from the circulation loops. The dense heatlines at the
top portion of the inclined walls are also observed in the upper tri-
angle, but overall magnitudes of heatlines are less than those in the
lower triangle. As in the previous case, there is a central convection
cell with less intensity of heat flow. Thus, it may be inferred that
irrespective of the fluid, the upper triangular cavity always exhibits
smaller heat transfer rates compared to the lower triangular cavity.
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Based on the present analysis, fluids with higher Prandtl number
for the lower triangular cavity may be considered efficient to
achieve effective heat recovery from the system.

3.3. Heat transfer rate: Nusselt numbers

Fig. 9 shows the variation of heat transfer rate ðNulÞ vs. distance
along the inclined walls of both the triangles. The upper panel of
the plot shows the heat transfer rate dissipation of the inverted
upper triangle whereas the lower panel of the plot represents the
lower triangular domain of the system. As expected, for both the
triangles the heat transfer is negligible at the intersection of cold
walls and maximum heat transfer occurs at the intersection of cold
wall with the hot wall.

The heat transfer rates within both the triangles for various Pra-
ndtl numbers have been analyzed. The heat transfer rate ðNulÞ for
the lower triangle shows a wavy pattern for Pr = 0.015 and
Ra = 105. It is also observed that the heat transfer rate is zero ini-
tially at the zone of intersection of cold walls. Thereafter, the rate
steadily increases till a distance of 0.4 along the inclined wall
and then decreases rapidly till the distance of 0.6. Further, Nul in-
creases again with a next maximum value at distance 0.9 and min-
imum at 1.1. This wavy pattern is attributed to the presence of
multiple circulation cells as seen in Fig. 6b. Each circulation cell
is characterized by an intense central core region and a less intense
outer region. As a result, Nul starts to decrease at the zone of inter-
section of two circulation cells. This wavy pattern of Nul or Nur is
also due to various levels of compression of isotherms resulting
from multiple circulation cells. On the other hand, there is no wavy
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pattern observed for Nul or Nur for the upper triangle. The values
of heatfunctions numerically increase along the inclined wall to-
wards the hot–cold junction (see Fig. 6) and that results in the in-
crease of Nul along the inclined wall. The oscillatory nature of Nul is
further explained based on various zones of dense heatlines along
the inclined wall. As expected, infinite heat transfer rate occurs at
the junction of intersection of hot and the cold walls.

As the Prandtl number is increased to 0.7 and to 1000 for
Ra = 105, the heat transfer rates show almost similar patterns for
both the Prandtl numbers. For Pr = 0.7 the heat transfer rate in-
creases till distance of 0.3 for the lower triangle, thereafter that
slowly decreases and finally increases rapidly towards the edge.
This may be explained based on isotherm distribution. It is ob-
served that the isotherms are highly compressed near the hot–cold
junction of the bottom wall and intermediate locations of inclined
wall for the lower triangle. The isotherms are also found to be dis-
persed at a point near the cold–cold junction. Overall, the heat
transfer rate ðNulÞ is high at the hot–cold junction and Nul also
shows oscillations based on various levels of compression of iso-
therms. The heatlines also illustrate the dense heatlines near the
zone of hot–cold junctions and it is observed that the large magni-
tudes of heatfunction occur near the hot–cold junctions. Therefore,
Nul is large near the hot–cold junctions and is very high near the
edges. On the other hand, Nul or Nur show almost similar mono-
tonic tendency for all Pr within the upper triangle. This is due to
the fact that the isotherms for upper triangle show similar patterns
as convection has little influence. The heatlines are dense near the
junctions of hot–cold walls whereas they are dispersed far away
from the hot–cold junction and as a result, the monotonic trend
of Nul along the inclined walls is observed for the upper triangle
irrespective of Pr.

Fig. 10 shows the variation of heat transfer along the horizontal
walls of upper and lower triangles. For the lower triangle, the gen-
eral trend is that the heat transfer rate is infinite at the two edges
of the horizontal wall. But, along the wall, heat transfer rate de-
creases till the mid point of the wall and afterwards increases to-
wards the edge. This is due to the presence of a pair of
circulatory loops symmetric to the vertical axis (Figs. 7b and 8b).
For Pr = 0.015, it is observed that heat transfer rate has a constant
low value between the region X = 0.6 till X = 1.4 which is due to the
presence of multiple circulatory loops for the system (Fig. 6b and
c). For Pr = 0.7 and 1000, it is observed that the heat transfer rate
decreases from the edge towards the center of the horizontal wall.
The enhanced thermal mixing results in less thermal gradient near
the central region as seen in Figs. 7a and 8a and thus, the heat
transfer rate ðNuhÞ is less near the central region of the bottom
wall. Interesting results are observed for heat transfer rates in
the upper triangle. Except at the edges the heat transfer rate
ðNuhÞ is very low along the top wall for all Prandtl numbers. The
heatlines are much denser near the hot–cold junctions and the
magnitudes of heatfunctions are also larger near the hot–cold
junctions whereas the values of heatfunctions are smaller near
the center. The heatlines are also dispersed near the central region
of the horizontal wall. This explains monotonic trend of Nuh along
each half of the upper triangle.
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Fig. 11a and b shows the distributions of the average Nusselt
number for horizontal and inclined walls, respectively, vs. the log-
arithmic Rayleigh number. The general trend is that the average
Nusselt number increases with Rayleigh numbers. Fig. 11a illus-
trates that the average Nusselt number remains almost constant
till around Ra = 8 � 103 for Pr = 1000 in the lower triangle. After-
wards, the average Nusselt number for Pr = 1000 increases rapidly
whereas for Pr = 0.015, the average Nusselt number does increase
but rate of the increase is small and remains nearly constant till
Ra = 4 � 104 (see lower panel of Fig. 11a). The smaller variation
for Nuh is due to secondary and multiple circulations and heat
transfer with Pr = 0.015 (Fig. 6) compared to single symmetric
highly intense circulation with Pr = 1000 (see Fig. 8). Similar pat-
tern is observed in lower panel of Fig. 11b for the inclined walls.
The upper panels of Fig. 11a and b show the monotonic increase,
but a slower rate for Nuh and Nul with Ra in the upper triangle.
Based on thermal equilibrium, the average Nusselt number of the
horizontal wall is found as

ffiffiffi
2
p

times that of the inclined wall. This
result is well matched in all cases confirming the thermal equilib-
rium of the system. A correlation has been developed for a general-
ized relationship between Nuh or Nul and Ra in a convection
dominant regime. A correlation for Nuh or Nul and Ra was found
for Pr = 1000. The critical Ra is observed as 4 � 104 for Pr = 1000
for the upper triangle and that implies that convection is signifi-
cant for Ra P Rac and the following correlation is obtained for
the upper triangle:
Nuh ¼
ffiffiffi
2
p

Nul ¼ 4:3613 Ra0:024; Pr ¼ 1000; Ra P 4� 104:

ð38Þ

Correlations have also been obtained for the lower triangle. As ex-
pected from the physical situation (Fig. 11a and b), the critical Ray-
leigh number Rac is found to be 8 � 103 for Pr = 1000. This implies
that for Ra P 8� 103, convection is significant and the following
correlation is obtained for the lower triangle:

Nuh ¼
ffiffiffi
2
p

Nul ¼ 1:8628 Ra0:13; Pr ¼ 1000; Ra P 8� 103:

ð39Þ

It may be noted that, the power law correlation is not presented for
Pr = 0.015, as an inflexion point for Nuh and Nul is observed in the
lower triangle.
4. Conclusion

The objective of the present study is to establish a physical as
well as computational insight into the heat flow in natural convec-
tion within a complex enclosure for hot material processing appli-
cations. The system comprises of entrapped fluid in two triangular
cavities formed between a pair of adjacent square tubes normally
seen in heat recovery systems.

The key parameters used for the analysis are Rayleigh number,
Prandtl number and Nusselt number. The motivation was to
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examine the heat transfer to the entrapped fluid in the system
commonly used for practical applications in heat recovery during
hot material processing. In addition, the values of Prandtl numbers
have been chosen such that the system depicts a wide range of
commonly used applications. The visualization of heat flow inside
the cavity has been carried out based on the heatlines concept in
the triangular cavity, which provides knowledge of the heat flow
trajectory. The conduction dominant heat transport is observed
at Ra = 102 for Pr = 0.015. However, as Ra increases to 104, convec-
tion begins, and the primary circulation cells get distorted with ini-
tiation of secondary circulation cells in the lower triangle. The
strong dominance of convection in heat transfer is clearly illus-
trated by large magnitudes of streamfunctions and heatfunctions
when Ra is increased to 105. As Pr increases, multiple circulations
are still observed in the lower triangle and flow becomes gradually
intense. Heat transport is mainly due to convection in multiple cir-
culation zones and thus multiple cells in heatline contours are also
observed for Pr = 0.015 and Pr = 0.026. It is observed that multiple
circulations are suppressed for Pr P 0:7 and dense heatlines are
observed near the bottom portion of inclined walls in the lower tri-
angular cavity. It is observed that the heat transfer of the central
region is dominated by convection as seen from the heatlines.
Thus, enhanced thermal mixing occurs near the core at higher Pr.

On the other hand, in the upper triangle, there is almost no ef-
fect of change in Prandtl number on the heat transfer pattern of the
fluid even though a convection cell at the core is observed. Further,
the heat transfer rates are very low throughout the system irre-
spective of the Pr in the cavity. Thus, it may be concluded that
for high heat transfer, higher Prandtl number fluids may be used
in the lower triangular cavity and for the upper triangular cavity
any fluid can be chosen as Pr does not affect the heating pattern.
The enhanced heat transfer in the upper triangle may be carried
out with forced convection which is beyond the scope of the pres-
ent study.

Nusselt numbers are quite large at the intersection of inclined
and top walls due to infinite heat transfer rate for both the upper
and lower triangles. For the lower triangle, multiple circulations
cells contribute to the wavy pattern of Nusselt number for low Pra-
ndtl numbers indicating fluctuating magnitudes of heat transfer
rates at various locations along the inclined and top wall. The wavy
pattern in spatial distribution of Nusselt numbers gradually disap-
pears as Pr increases. On the contrary, the isotherm and heatline
patterns remain almost identical irrespective of the Prandtl num-
ber in the upper triangle. Correlations have been developed for
Pr = 1000 in upper and the lower triangle to illustrate convective
heat transfer rates and a critical Ra is obtained to delineate the con-
duction dominant zone.
Appendix A

The name iso-parametric derives from the fact that the same
parametric function describing the geometry may be used for
interpolating spatial variable within an element. Figs. 2 and 3 show
the grid generation for ðx; yÞ and ðn;gÞ coordinates via following
mapping relationships:

X ¼
X9

k¼1

Ukðn;gÞxk;

Y ¼
X9

k¼1

Ukðn;gÞyk:

Here ðxk; ykÞ are the X,Y-coordinates of the k nodal points as seen in
Figs. 2 and 3 and Ukðn;gÞ is the basis function. The nine basis func-
tions are:
U1 ¼ 1� 3nþ 2n2� �
1� 3gþ 2g2� �

;

U2 ¼ 1� 3nþ 2n2� �
4g� 4g2� �

;

U3 ¼ 1� 3nþ 2n2� �
�gþ 2g2� �

;

U4 ¼ 4n� 4n2� �
1� 3gþ 2g2� �

;

U5 ¼ 4n� 4n2� �
4g� 4g2� �

;

U6 ¼ 4n� 4n2� �
�gþ 2g2� �

;

U7 ¼ �nþ 2n2� �
1� 3gþ 2g2� �

;

U8 ¼ �nþ 2n2� �
4g� 4g2� �

;

U9 ¼ �nþ 2n2� �
�gþ 2g2� �

:

The above basis functions are used for mapping the triangular do-
main or elements within the triangle into square domain and the
evaluation of integrals of residuals.
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